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Transfer Function Estimation
with Kernel methods

in the frequency domain



LTI system

• Time domain

y(t) = (g ⇤ u)(t) + e(t)

⇥
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u yg

• Frequency domain

28

Y (⌦) = G(⌦)U(⌦) + E(⌦)

<latexit sha1_base64="irHvtVfOb7QAaJl1L86Kuy+pVwg=">AAACFHicbZDNSgMxFIUz9a/Wv1GXboJFqBTKjBTUhVAU0Z0VnFZph5JJM21oMjMkGaEMfQg3voobF4q4deHOtzFtx6KtBwIf597LzT1exKhUlvVlZObmFxaXssu5ldW19Q1zc6smw1hg4uCQheLWQ5IwGhBHUcXIbSQI4h4jda93NqzX74mQNAxuVD8iLkedgPoUI6Wtllm8KzSvOOmgfXgCLybsTKgIz3+4ZeatkjUSnAU7hTxIVW2Zn812iGNOAoUZkrJhW5FyEyQUxYwMcs1YkgjhHuqQhsYAcSLdZHTUAO5ppw39UOgXKDhyf08kiEvZ557u5Eh15XRtaP5Xa8TKP3ITGkSxIgEeL/JjBlUIhwnBNhUEK9bXgLCg+q8Qd5FAWOkcczoEe/rkWagdlOxy6fi6nK+cpnFkwQ7YBQVgg0NQAZegChyAwQN4Ai/g1Xg0no03433cmjHSmW3wR8bHN+fUmv8=</latexit>



LTI system

• Time domain

y(t) = (g ⇤ u)(t) + e(t) + transient

+ Transient
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• Frequency domain

28

Y (⌦) = G(⌦)U(⌦) + E(⌦)

<latexit sha1_base64="irHvtVfOb7QAaJl1L86Kuy+pVwg=">AAACFHicbZDNSgMxFIUz9a/Wv1GXboJFqBTKjBTUhVAU0Z0VnFZph5JJM21oMjMkGaEMfQg3voobF4q4deHOtzFtx6KtBwIf597LzT1exKhUlvVlZObmFxaXssu5ldW19Q1zc6smw1hg4uCQheLWQ5IwGhBHUcXIbSQI4h4jda93NqzX74mQNAxuVD8iLkedgPoUI6Wtllm8KzSvOOmgfXgCLybsTKgIz3+4ZeatkjUSnAU7hTxIVW2Zn812iGNOAoUZkrJhW5FyEyQUxYwMcs1YkgjhHuqQhsYAcSLdZHTUAO5ppw39UOgXKDhyf08kiEvZ557u5Eh15XRtaP5Xa8TKP3ITGkSxIgEeL/JjBlUIhwnBNhUEK9bXgLCg+q8Qd5FAWOkcczoEe/rkWagdlOxy6fi6nK+cpnFkwQ7YBQVgg0NQAZegChyAwQN4Ai/g1Xg0no03433cmjHSmW3wR8bHN+fUmv8=</latexit>



LTI system
• Frequency domain

29

Y (k) = G(⌦k)U(k) + E(k)

<latexit sha1_base64="wONCYOZLObDEPYMoenYdQhBDlmE=">AAACP3icbVBLSwMxGMz6rPVV9eglWISKUHaloB6EoojerGAf0i5LNv3ahmYfJFmhLP1nXvwL3rx68aCIV2+m2z1o14HAMDNfvmTckDOpTPPFmJtfWFxazq3kV9fWNzYLW9sNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x1eTPzmAwjJAv9OjUKwPdL3WY9RorTkFBr3pbiTXBO7PILxcHyAz/BVqXPjQZ84Ga+ejR/iy4zoFIpm2UyAs8RKSRGlqDmF5043oJEHvqKcSNm2zFDZMRGKUQ7jfCeSEBI6JH1oa+oTD6QdJ0vHeF8rXdwLhD6+won6eyImnpQjz9VJj6iBnPUm4n9eO1K9Eztmfhgp8Ol0US/iWAV4UibuMgFU8ZEmhAqm34rpgAhCla48r0uwZr+cJY2jslUpn95WitXztI4c2kV7qIQsdIyq6BrVUB1R9Ihe0Tv6MJ6MN+PT+JpG54x0Zgf9gfH9AxbPsDU=</latexit>

windowed, periodic signal



LTI system
• Frequency domain
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<latexit sha1_base64="wONCYOZLObDEPYMoenYdQhBDlmE=">AAACP3icbVBLSwMxGMz6rPVV9eglWISKUHaloB6EoojerGAf0i5LNv3ahmYfJFmhLP1nXvwL3rx68aCIV2+m2z1o14HAMDNfvmTckDOpTPPFmJtfWFxazq3kV9fWNzYLW9sNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x1eTPzmAwjJAv9OjUKwPdL3WY9RorTkFBr3pbiTXBO7PILxcHyAz/BVqXPjQZ84Ga+ejR/iy4zoFIpm2UyAs8RKSRGlqDmF5043oJEHvqKcSNm2zFDZMRGKUQ7jfCeSEBI6JH1oa+oTD6QdJ0vHeF8rXdwLhD6+won6eyImnpQjz9VJj6iBnPUm4n9eO1K9Eztmfhgp8Ol0US/iWAV4UibuMgFU8ZEmhAqm34rpgAhCla48r0uwZr+cJY2jslUpn95WitXztI4c2kV7qIQsdIyq6BrVUB1R9Ihe0Tv6MJ6MN+PT+JpG54x0Zgf9gfH9AxbPsDU=</latexit>

windowed, periodic signal



LTI system
• Frequency domain

30

Y (k) = G(⌦k)U(k) + E(k)

<latexit sha1_base64="wONCYOZLObDEPYMoenYdQhBDlmE=">AAACP3icbVBLSwMxGMz6rPVV9eglWISKUHaloB6EoojerGAf0i5LNv3ahmYfJFmhLP1nXvwL3rx68aCIV2+m2z1o14HAMDNfvmTckDOpTPPFmJtfWFxazq3kV9fWNzYLW9sNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x1eTPzmAwjJAv9OjUKwPdL3WY9RorTkFBr3pbiTXBO7PILxcHyAz/BVqXPjQZ84Ga+ejR/iy4zoFIpm2UyAs8RKSRGlqDmF5043oJEHvqKcSNm2zFDZMRGKUQ7jfCeSEBI6JH1oa+oTD6QdJ0vHeF8rXdwLhD6+won6eyImnpQjz9VJj6iBnPUm4n9eO1K9Eztmfhgp8Ol0US/iWAV4UibuMgFU8ZEmhAqm34rpgAhCla48r0uwZr+cJY2jslUpn95WitXztI4c2kV7qIQsdIyq6BrVUB1R9Ihe0Tv6MJ6MN+PT+JpG54x0Zgf9gfH9AxbPsDU=</latexit>

+T (⌦k)

<latexit sha1_base64="pfpVIo7j/VnXajlaLOY/3fbzsUs=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQEUoiBXVXdOPOCn1BE8JketMOnTyYmQglBNz4K25cKOLWn3Dn3zhNs9DqgQuHc+6dO/d4MaNCmuaXVlpaXlldK69XNja3tnf03b2uiBJOoEMiFvG+hwUwGkJHUsmgH3PAgceg502uZ37vHrigUdiW0xicAI9C6lOCpZJc/eC0XbNvAxhhN7Xz51KPJZBNshNXr5p1M4fxl1gFqaICLVf/tIcRSQIIJWFYiIFlxtJJMZeUMMgqdiIgxmSCRzBQNMQBCCfNl2bGsVKGhh9xVaE0cvXnRIoDIaaBpzoDLMdi0ZuJ/3mDRPoXTkrDOJEQkvkiP2GGjIxZIMaQciCSTRXBhFP1V4OMMcdEqtgqKgRr8eS/pHtWtxr1y7tGtXlVxFFGh+gI1ZCFzlET3aAW6iCCHtATekGv2qP2rL1p7/PWklbM7KNf0D6+AdKdl60=</latexit>

windowed, non-periodic signal



LTI system
• Frequency domain

30

Y (k) = G(⌦k)U(k) + E(k)

<latexit sha1_base64="wONCYOZLObDEPYMoenYdQhBDlmE=">AAACP3icbVBLSwMxGMz6rPVV9eglWISKUHaloB6EoojerGAf0i5LNv3ahmYfJFmhLP1nXvwL3rx68aCIV2+m2z1o14HAMDNfvmTckDOpTPPFmJtfWFxazq3kV9fWNzYLW9sNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x1eTPzmAwjJAv9OjUKwPdL3WY9RorTkFBr3pbiTXBO7PILxcHyAz/BVqXPjQZ84Ga+ejR/iy4zoFIpm2UyAs8RKSRGlqDmF5043oJEHvqKcSNm2zFDZMRGKUQ7jfCeSEBI6JH1oa+oTD6QdJ0vHeF8rXdwLhD6+won6eyImnpQjz9VJj6iBnPUm4n9eO1K9Eztmfhgp8Ol0US/iWAV4UibuMgFU8ZEmhAqm34rpgAhCla48r0uwZr+cJY2jslUpn95WitXztI4c2kV7qIQsdIyq6BrVUB1R9Ihe0Tv6MJ6MN+PT+JpG54x0Zgf9gfH9AxbPsDU=</latexit>

+T (⌦k)

<latexit sha1_base64="pfpVIo7j/VnXajlaLOY/3fbzsUs=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQEUoiBXVXdOPOCn1BE8JketMOnTyYmQglBNz4K25cKOLWn3Dn3zhNs9DqgQuHc+6dO/d4MaNCmuaXVlpaXlldK69XNja3tnf03b2uiBJOoEMiFvG+hwUwGkJHUsmgH3PAgceg502uZ37vHrigUdiW0xicAI9C6lOCpZJc/eC0XbNvAxhhN7Xz51KPJZBNshNXr5p1M4fxl1gFqaICLVf/tIcRSQIIJWFYiIFlxtJJMZeUMMgqdiIgxmSCRzBQNMQBCCfNl2bGsVKGhh9xVaE0cvXnRIoDIaaBpzoDLMdi0ZuJ/3mDRPoXTkrDOJEQkvkiP2GGjIxZIMaQciCSTRXBhFP1V4OMMcdEqtgqKgRr8eS/pHtWtxr1y7tGtXlVxFFGh+gI1ZCFzlET3aAW6iCCHtATekGv2qP2rL1p7/PWklbM7KNf0D6+AdKdl60=</latexit>

windowed, non-periodic signal

G



LTI system
• Frequency domain

30

Y (k) = G(⌦k)U(k) + E(k)

<latexit sha1_base64="wONCYOZLObDEPYMoenYdQhBDlmE=">AAACP3icbVBLSwMxGMz6rPVV9eglWISKUHaloB6EoojerGAf0i5LNv3ahmYfJFmhLP1nXvwL3rx68aCIV2+m2z1o14HAMDNfvmTckDOpTPPFmJtfWFxazq3kV9fWNzYLW9sNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x1eTPzmAwjJAv9OjUKwPdL3WY9RorTkFBr3pbiTXBO7PILxcHyAz/BVqXPjQZ84Ga+ejR/iy4zoFIpm2UyAs8RKSRGlqDmF5043oJEHvqKcSNm2zFDZMRGKUQ7jfCeSEBI6JH1oa+oTD6QdJ0vHeF8rXdwLhD6+won6eyImnpQjz9VJj6iBnPUm4n9eO1K9Eztmfhgp8Ol0US/iWAV4UibuMgFU8ZEmhAqm34rpgAhCla48r0uwZr+cJY2jslUpn95WitXztI4c2kV7qIQsdIyq6BrVUB1R9Ihe0Tv6MJ6MN+PT+JpG54x0Zgf9gfH9AxbPsDU=</latexit>
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windowed, non-periodic signal
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LTI system
• Frequency domain
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Y (k) = G(⌦k)U(k) + E(k)

<latexit sha1_base64="wONCYOZLObDEPYMoenYdQhBDlmE=">AAACP3icbVBLSwMxGMz6rPVV9eglWISKUHaloB6EoojerGAf0i5LNv3ahmYfJFmhLP1nXvwL3rx68aCIV2+m2z1o14HAMDNfvmTckDOpTPPFmJtfWFxazq3kV9fWNzYLW9sNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x1eTPzmAwjJAv9OjUKwPdL3WY9RorTkFBr3pbiTXBO7PILxcHyAz/BVqXPjQZ84Ga+ejR/iy4zoFIpm2UyAs8RKSRGlqDmF5043oJEHvqKcSNm2zFDZMRGKUQ7jfCeSEBI6JH1oa+oTD6QdJ0vHeF8rXdwLhD6+won6eyImnpQjz9VJj6iBnPUm4n9eO1K9Eztmfhgp8Ol0US/iWAV4UibuMgFU8ZEmhAqm34rpgAhCla48r0uwZr+cJY2jslUpn95WitXztI4c2kV7qIQsdIyq6BrVUB1R9Ihe0Tv6MJ6MN+PT+JpG54x0Zgf9gfH9AxbPsDU=</latexit>

+T (⌦k)
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LTI system
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LTI system
• Frequency domain
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Y (k) = G(⌦k)U(k) + E(k)
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LTI system
• Frequency domain
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Y (k) = G(⌦k)U(k) + E(k)
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DFT FRF

Transient term

32
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Transient term
• Frequency domain, windowed, non-periodic excitation

33

Y (k) = G(⌦k)U(k) + E(k)
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Transient term
• Frequency domain, windowed, non-periodic excitation

33

Y (k) = G(⌦k)U(k) + E(k)
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Model as stochastic process
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Model as stochastic process

➡ Gaussian process
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Kernel for STABLE systems

t1

t2

time

exponential decay

• Time domain

38

Diagonal Correlated (DC) kernel:

y = g ⇤ u+ e

K(t1, t2) = e�↵|t1�t2|e��(t1+t2)



Complex GP LTI
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G ⇠ GP (0,KFD)
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Kernel for STABLE systems

Time domain: 
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Decay Rate
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Scan of decay rate
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Time correlation
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Scan of smoothness
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Kernel for STABLE systems

Time domain: 
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Complex Gaussian process
• Naive approach

• Real / Imaginary

• But then:
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Complex Gaussian process
• Naive approach

• Real / Imaginary

• But then:
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Complex Gaussian process
• Naive approach

• Real / Imaginary

• But then:
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Complex Gaussian process
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KFD
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Output spectrum as 
Gaussian process
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Y = GU + T + E
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Estimating the FRF
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Y = GU + T + E
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Kernel Tuning

53

Y ⇠GP(0, )✓
log p(Y | ) / �Y H �1Y � log | |✓ ✓ ✓}

complexit
y

}
data 

fit

}
maximise 
w.r.t. ✓



Complexity tuning
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Challenge:  
Lowly damped systems
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Challenge:  
Lowly damped systems
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Challenge:  
Lowly damped systems
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Challenge:  
Lowly damped systems
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Challenge:  
Lowly damped systems
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�
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<latexit sha1_base64="E3UpW9ayorgl+baWoJxYE0Sdx8Y="></latexit>

g(t) =

npX

n=1

gn(t)

gn(t) = e�↵nt
�
⇣1,n cos(!nt) + ⇣2,n sin(!nt)

�
pn = �↵n ± j!n

resonance 
frequency

(slow) 
decay rate pole residue

'Resonating' Kernel
<latexit sha1_base64="BgrQLFAn3yQFZYHDSEJ7es1+8xk="></latexit>

kres,n(t, ⌧) = E{gn(t)gn(⌧)}
= e�↵n(t+⌧)

�
�1,n cos(!n(t� ⌧)) + �2,n cos(!n(t+ ⌧))

�

Starting values hyper parameters?



DFT FRF

Local Rational Method
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Y (k) = G(j!k)U(k) + T0(j!k)

locally approximated by rational forms

for r = �n, · · · , n

<latexit sha1_base64="dGIbYlCySfU1MXz8T7ABqDbAGb4="></latexit>

G(j⌦k+r) ⇡
Bc

k(j⌦r)

Ac
k(j⌦r)

T0(j⌦k+r) ⇡
Ick(j⌦r)

Ac
k(j⌦r)

local frequency band around k
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<latexit sha1_base64="Y+qFhtv2ndDwN31uvml5JlaR5b4="></latexit>

ktotal(t, ⌧) = kDC(t, ⌧) + kres,1(t, ⌧) + kres,2(t, ⌧) + kres,3(t, ⌧) + kres,4(t, ⌧)

Kernel with estimated pole locations
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Kernel Methods  

Transfer Functions 

Frequency domain
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Kernel Methods - Transfer Functions - Frequency domain

• Transients, for finite window lengths

• Frequency domain Kernel interpretations

• Complex GP, with relation matrix 

• Prior knowledge on resonances from LRM
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Main messages
• Transients, for finite 

window lengths 

• Frequency domain Kernel 
interpretations 

• Complex GP, with relation 
matrix  

• Prior knowledge on 
resonances from LRM
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• System identification in the frequency domain 
• continuous-time systems 

• select frequency band of interest 

• non-parametric models of coloured noise 

• Nonlinear systems 
• Time- and parameter varying systems 
• Applications in a.o. HF/RF electronics
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